We consider a strongly interacting one-dimensional (1D) Bose-Fermi mixture confined in a hard wall trap or a harmonic oscillator trap with a tunable δ-function barrier at the trap center. The mixture consists of 1D Bose gas with repulsive interactions and of 1D noninteracting spin-aligned Fermi gas, both species interacting through hard-core interactions. Using a generalized Bose-Fermi mapping, we calculated the reduced single-particle density matrix and the momentum distribution of the gas as a function of barrier strength and the parity of particle number. The secondary peaks in the momentum distribution show remarkable correlation between particles on the two sides of the split.
I. INTRODUCTION
In recent years the strongly interacting ultra-cold atoms system in quasi-one dimensional(1D) have attracted great interests both in experiments and theories. With two perpendicular optical lattices to realize the 1D system and Feshbach resonance or the confinementinduced resonance to tune the 1D effective interacting strength, Tonks-Girarideau(TG) gas [1, 2] , a BoseEinstein condensate in which the repulsive interactions between bosonic particles dominate the physics of the system, has been realized in experiments. For strong attractive interactions between atoms, the Super TonksGirardeau gas [3] represents an excited quantum gas phase in a 1D spatial geometry. Sudden switching from infinitely strong repulsive to infinitely attractive interactions stabilizes the gas against collapse and connects the ground state of the Tonks gas to the excited state of the Super Tonks gas. Meanwhile, the study of a two spin mixture of 1D strongly interacting fermions gas at finite spin imbalance demonstrates how ultracold atomic gases in 1D may be used to create non-trivial new phases of matter experimentally [4, 5] . Despite intense theoretical and experimental efforts, however, the strongly interacting Bose-Fermi mixtures remains largely elusive, where interesting phenomena such as phase separation are predicted to occur [6] [7] [8] [9] .
Most of the theoretical research on Bose-Fermi mixtures so far has been concentrated on three dimensional systems, and only recently 1D systems started attracting attention. Theoretical investigations on the quasi-1D Bose-Fermi mixture so far have focused on the phase diagrams, ground-state and thermodynamical properties in the scheme of Luttinger liquid theory [10, 11] and Bethe ansatz method [9, 12] . For the 1D ultra-cold atoms system with infinity repulsive interaction between particles, the Fermi-Bose Mapping (FBM) theorem is used to de- * Electronic address: ybzhang@sxu.edu.cn rive the wavefunctions and ground state properties of the system. In the simplest case the mapping function relates the system of impenetrable bosons with that of non-interacting fermions [13] and similar schemes have been extended to various hard-core systems like spinor Bose gases [14] , spin-1/2 fermions [15] and Bose-Fermi mixture [16] .
The starting point of the many-particle solutions of a given geometry for the TG gas is the exact single-particle eigenstates. Given the limited examples of exactly solvable single-particle problems in quantum mechanics, exactly solvable many-particle problems are also rare even in the TG limit. Here we choose two typical split traps to load the mixture, i.e., a split hard wall and a split harmonic oscillator. Investigating the model of the δ-split potential can be justified in several ways and related works have been done [17] [18] [19] [20] . For mesoscopic systems, the ground state properties qualitatively differ for system with a split at the trap center, especially when the number of particles is odd. On the other hand, δ-split potential may be viewed as a generic model for doublewell structures or, alternatively, as a good approximation to the problem of a trap with an impurity at the center. Experimentally this kind of split is easy to realize by adding an additional laser in the trap center [21] . Tunneling of particles through an energetically forbidden region reveals more and more experimentally accessible examples of nontrivial quantum phases [22] [23] [24] [25] .
The paper is organized as follows. After a brief introduction of the many-body system, in Sec. II we review the Fermi-Bose mapping theorem for Bose-Fermi mixture and describe the associated single-particle eigenfunctions and eigenvalues of the δ-split traps. In Sec. III we calculate the reduced single-particle density matrix and investigate the influence of the splitting strength on the momentum distribution which is experimentally accessible. We observe the emergence of bimodal secondary peaks at the neck of the central peaks for various barrier strengths and analyze the parity effect of the total number of atoms. Finally, in Sec. IV we make concluding remarks.
II. BOSONS AND FERMIONS IN SPLIT TRAPS
Consider a mixture of N B bosons and N F fermions trapped in a tight atomic waveguide which restricts the dynamics of the system into a quasi one-dimensional system in the longitudinal direction. Assume that the interaction potentials are short-ranged, the many-particle Hamiltonian at low linear density can be written as [27] . In our model, the particles experience both boson-boson (g bb ) and boson-fermion (g bf ) contact interactions, while the fermion-fermion interaction is forbidden by the Pauli exclusive principle (g f f = 0). We also assume the trapping potential are exactly the same for both fermions and bosons,
A. The Fermi-Bose mapping
The original Fermi-Bose mapping theorem only related strongly interacting bosons to ideal fermions [13] . It was recently found that the mapping idea can be applied to Fermi Tonks gas and to a series mixture system as well [16] . Concentrating on the situation relevant to our system, we denote the space coordinates by X = (x 1 , x 2 , ..., x N ), where x i is the coordinate of a boson when i ∈ {1, ..., N B } , or else it labels a fermion provided that i ∈ {N B + 1, ..., N B + N F = N }. Under the hardcore condition g bb , g bf → ∞, we may safely drop the two interaction energies in the Hamiltonian and as a result the many-body wave function of the system is subject to a constraint that
for i = j. The first quantized Hamiltonian of our bosefermi mixture is then a sum of one-body operators, H = N i=1 h i , where
Using the Fermi-Bose mapping theorem [16] , the total wave function Φ(X) satisfying the constraint is constructed as
where
The sum runs over all N ! possible permutations of these variables including permutations exchanging bosons with fermions, and ε(P ) = ±1 for even/odd times of permutation. The symmetry of the system is repaired by the mapping function A(X)
sgn(x j − x l ) (6) so that in general the wavefunction is symmetric under permutations of bosons and antisymmetric under permutation of fermions. The sign function sgn(x) is +1(−1) for x > 0(x < 0).
B. Eigenstates and eigenvalues of the δ-split traps
The orthonormal orbitals u n (x) are eigenfuctions of the single-particle Hamiltonian with eigenvalues ǫ n −h
with n = 1, 2, . . . N . In this paper we consider the case that the mixture is subjected to two kinds of split external trapping potentials, that is, (A) a hard wall trap which is zero in the region (−a, a) and infinite outside, and (B) a harmonic oscillator potential with frequency ω, both with a δ-type barrier located at the origin x = 0. We denote the strength of this barrier by a positive parameter κ. Thus
for model (A) and
for model (B). The single-particle eigenstates of the deltasplit hard wall trap can be found in quantum mechanics textbook, and those of the delta-split harmonic oscillator have recently been discussed in ref [28] and we will briefly review the solutions here for completeness. The eigenfunctions are either symmetric or antisymmetric due to the parity of both potentials. For model (A), the analytic symmetric eigenfunctions are
for |x| < a, and u n (x) = 0 for |x| ≥ a. Here, C is the normalization constant and k is the wave vector of the particle, determined by tan (ka) = −h 2 k/mκ. The eigenenergies E =h 2 k 2 /2m are given by the graphical solutions of k, that is, the intersection points of the straight line −h 2 k/mκ and the tangent function which can be labeled as n = 1, 3, 5 . . .. As κ → 0, the eigenenergies reduce to those of the ordinary infinite well of width 2a. As κ → ∞, the barrier becomes impenetrable, and we have two isolated infinite square wells of width a. By contrast, the antisymmetric eigenfunctions are zero at the origin, so they never "feel" the delta function at all. The eigenfunctions and eigenenergies are exactly the same as those for the infinite square well of width 2a
with k = nπ/2a and E n = n 2 π 2h2 /2m(2a)
where N n = ( √ π2 n n!x osc ) −1/2 with n = 1, 3, 5, . . . Here Q = x/x osc , x osc = h/mω and H n (Q) are the n-th order Hermite polynomials. The corresponding energies are given by the eigenvalues of the odd parity states of the harmonic oscillator E n = (n + 1/2)hω. The even eigenstates of the simple harmonic oscillator, on the other hand, have an extremum at x = 0. They are therefore strongly influenced by the splitting potential and can be found to be [18, 28] 
where U (a, b, z) are the Kummer's confluent hypergeometric functions [29] and ν n ≡ E n /2hω − 1/4 is the non-integer analog of the principle quantum number n of the harmonic oscillator. The eigenenergies E n (n = 0, 2, 4, . . .) are given by the solution of
Similarly in the following the variables are rescaled in units of the harmonic-oscillator length x osc , the harmonic-oscillator momentum p osc =h/x osc = √ mhω, the harmonic-oscillator energyhω.
With these single-particle eigenstates, we are now in a position to build the Slater determinant Φ D (X) for a system of noninteracting fermions. The Fermi-Bose mapping theorem then allows us for the calculation of the exact many particle wave function Φ(X) from the fermionic result.
III. MOMENTUM DISTRIBUTIONS OF THE BOSE-FERMI MIXTURE
The quantum correlations of the 1D quantum gases can be obtained from the reduced single-particle density (RSPD) matrices defined as
for bosons and fermions, respectively. Here X ′ = (x 2 , ..., x N ) and X ′′ = (x 1 , ..., x N −1 ). In the TG interaction limit, however, the diagonal elements are nothing but the single-particle density profiles ρ B (x, x) = ρ B (x) or ρ F (x, x) = ρ F (x) which are exactly the same up to normalization factors due to the fact that the square of the mapping function A(X) in (6) is unity. They both are proportional to the spatial density ρ T G (x) of a trapped TG gas made of N bosons. In Fig 1 we illustrate the normalized density profiles
for split hard wall trap (Model A) and split harmonic oscillator (Model B), respectively. Here we are interested in the effect of the δ-barrier in the center and results for four values of the barrier strength κ = 0.1, 1, 10, 100 are presented. It has been shown that for even number of particles the barrier separates the particles into two half wells and increasing the barrier strength leads to the emergence of a quadrant separation of which the interference is negligible [8, 20] . Thus only results for odd number of particles are given here and we found that the density profile relies on the total number of particles, instead of the number of bosons and fermions. For negligibly small split barrier, the density profiles present exactly the same number of density maxima as the total number of atoms. The corresponding density profile in the large-N limit is flat in the square well and is a semicircle of radius R = √ 2N in the harmonic trap. Increasing the barrier strength would gradually cut the density profiles into two symmetric parts and the number of peaks do not match the number of particles any more. This is a clear signature of the coherence inherent in the system, which becomes more pronounced in the momentum distribution. The delta-splitting seems more efficient in suppressing the density in a harmonic oscillator. This can be understood by noticing that the energy unit adopted in hard wall is π 2 /2 times larger than that in harmonic oscillator.
The Fermi-Bose mapping theorem gives identical density distributions of a sample for bosons and fermions in the TG limit. However, the momentum distribution can still be used for distinction, which can be calculated from the reduced single-particle density matrix
which is normalized to N . The momentum distribution of the bosonic component n B (p) is equivalent to that of N TG bosons placed within the split traps. This again comes from the fact that the symmetry of both boson-boson and boson-fermion permutations has been repaired in the mapping function and has already been addressed in Ref. [8, 18, 19] . The physical reason for this identical momentum distribution originates from the equal-weighted superposition of the orthonormal orbitals in the construction of the many-body wavefunction (5).
Thus we now turn our attention to the behavior of the fermionic momentum distribution in the mixture n F (p) as a function of the split barrier strengths. The determination of the fermionic momentum distribution proves very complex even in the homogeneous mixture and the extension to the harmonically trapped mixture has been done in Ref. [30] . The calculation is more involved because the expression for the density matrix could not be reduced to a simpler analytical formula, and we have resorted to numerical computations. Following a more convenient scheme, we use the alternative expression for momentum distributuion
HereΦ(X ′′ , p) is the Fourier transformation of Φ(X ′′ , x N ) with respect to the last fermionic variable
In a recent paper, Lelas et al. studied the RSPDM, momentum distribution, natural orbitals and their occupancies for a Bose-Fermi mixture in an alternative form of a harmonic potential with a Gaussian-type barrier in the center, however, for a rather strong fixed barrier, i.e. the barrier is at least several times larger than the energy of the N -th single-particle state of the potential. We present here the results for various barrier strengths and analyze the dependence of the distribution profiles on the parity of the total number of particles. Furthermore our results provide a direct comparison of the momentum distribution for different type of trapping potentials (hard-wall and harmonic oscillator). atom. Both distributions for split hard wall and split harmonic oscillator take smooth bell-shaped profiles, with explicit difference being the characteristic momentum up to which the fermionic momentum distribution is significantly different from zero. The signature of fermionization becomes more evident for less bosons. We also note that the split barrier in the center hardly affect the momentum distribution of even number of atoms, except a little broadening of the momentum distribution and lowering of its peak. Things become much more different for odd number of particles. We first illustrate the situation for a weak barrier. Figure 3 shows our results for a BF mixture with a fixed total number of N = 5 particles when the number of bosons is increased from N B = 0 up to 4 (or, equivalently, 5). We observe N F "fermionic" oscillations developed in the momentum distribution, yet the oscillations in harmonic oscillator are more prominent. Fermionic oscillations are suppressed for more bosons and the tails of the distribution become more easily seen. Finally, when the atoms in the mixture are all bosons, we see typical Tonks-Girardeau-type momentum distribution. A strong split barrier greatly modifies the momentum distribution of odd number of atoms. Quite similar to the bosonic case, one can see the emergence of bimodal secondary peaks at the neck of the central peaks in Figure  4 , which stems from the interference of the particles in two almost separate wells. The secondary peaks remain prominent for all combination of bosons and fermions, moving inward when the number of bosons is increased. Again we observe that the characteristic momentum is notably different for the square well and for the harmonic confinement. For the square well it is of the order of k ∼ πN/2, while for the harmonic trap it goes as k ∼ √ 2N . The large-N asymptotic in absence of bosons in both cases is step function.
IV. CONCLUSION
In conclusion, we have shown the ground state properties of a Bose-Fermi mixture in split potential wells. We observe that the most significant difference between the total even and odd numbers of particles occurs in the emergence of bimodal secondary peaks in the momentum distributions. Three critical features can be seen (1) the momentum distribution depends on the ratio of the bosons and fermions in the mixture, as well as the total number of the atoms; (2) the presence of a strong split barrier at the trap center enhance greatly the correlation of the atoms on the two separated wells; (3) the dependence of characteristic momentum on the number of atoms relies on the shape of trapping potential.
